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A numerical model has been developed to simulate the 
growth of cloud droplets by condensation upon a spectrum 
of hygroscopic nuclei. The model is applicable to cloud 
simulation chamber conditions as well as to the study of 
the role of these nuclei on cloud base microstructure. 
Equations are given for the growth by condensation 
of water vapor on a population of hygroscopic nuclei in a 
volume being cooled by expansion. The equations are inte-
grated simultaneously, using Hamming's modified predictor-
corrector method for given initial conditions, to obtain 
the droplet size distribution, temperature, pressure, super-
saturation, and liquid water content. Temperature fluctua-
tions, sedimentation of droplets, seeding with hygroscopic 
nuclei, and the effect of surface films in retarding the 
growth of nuclei are also considered. 
By assuming homogeneous thermodynamic parameters and 
condensation nuclei distribution in the initial volume, 
the results for adiabatic expansion show a tendency for 
the droplet spectrum to narrow, similar to the results 
obtained for closed parcel models. Temperature fluctuations 
tend to broaden the spectrum. This broadening depends 
upon the amplitude, frequency of fluctuations, and the 
expansion rate of the volume. Sedimentation of droplets 
is shown to be a critical factor in limiting the rate of 
iv 
expansion and the time required to record reliable obser-
vations. 
Calculations on the effect of seeding nuclei after 
a certain time of spectrum development indicate that the 
seeding effect depends significantly on the concentration 
and size of nuclei inserted, and the time of insertion. 
The passivation of nuclei by surfactant shows that surface 
films, in general, serve to delay the formation of cloud 
droplets for a time, depending upon the initial film 
thickness, condensation coefficient, size spectrum distri-
bution of the nuclei, and the cooling rate. 
v 
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The Graduate Center for Cloud Physics Research, 
University of Missouri-Rolla, has undertaken the design of 
an advanced laboratory cloud simulation chamber. The 
purpose has been to develop a scientific program to study 
different aspects of warm cloud processes. 
The simulation of an early stage of cumulus clouds is 
generally the most suitable process for a cloud simulation 
chamber. The growth of cloud droplets by condensation of 
water vapor upon a spectrum of hygroscopic (NaCl) nuclei 
is followed as the nuclei are introduced into the chamber. 
The expansion rate of the chamber simulates the temperature 
lapse rate and the rate of change of pressure in a verti-
cally moving parcel with arbitrary updraft velocity. 
The main objectives of this investigation are: to 
develop a one-dimensional simulation model in order to 
examine the effect of hygroscopic nuclei on cloud formation 
for guiding the simulation experiments and operations; and 
to gain insight into the pertinent physical processes 
involved in such experiments and operations. The numerical 
model is used to simulate an adiabatic chamber in which 
the interior walls are cooled at the same rate as the gas. 
Due to the difficulties of maintaining adiabatic conditions 
in the chamber, the effect of possible heat flux from the 
walls ·or other sources i .s also considered. In order to 
investigate the effect of a fluctuating temperature field 
2 
on the growth of cloud droplets, a heat transfer term is 
added to the heat balance of the system to account for the 
eddy heat exchange between the cloud parcel and the environ-
ment. 
The limitation of height imposed on the simulation 
chamber requires sedimentation effects to be considered. 
The model developed is restricted to the top section of 
the chamber where the gas layer is deprived of substantial 
liquid water content (LWC) due to sedimentation. Molecular 
mass and heat diffusion are not considered in the model. 
Seeding of hygroscopic nuclei at different concentra-
tions after specific times of droplet development is also 
modeled to determine the effects of quantity and size of 
NaCl particles on the droplet spectrum. Another calcula-
tion is performed to account for the artificial thermo-
dynamic action in the cloud simulation chamber caused by 
the growth of condensation nuclei covered with surfactant 
layer of cetyl-alcohol. 
Sections III and IV deal with the mathematical and 
numerical approach to the problem, while the remaining 
sections consider the numerical results for the preceding 
problems. 
II. REVIEW OF LITERATURE 
CLOUD SIMULATION AND MODELING 
Considerable interest has developed during the past 
three decades in an effort to model the condensational 
growth of cloud droplets upon hygroscopic nuclei in a 
rising parcel of air. Several numerical models have been 
developed in order to understand the characteristics and 
importance of these particles in the formation of clouds, 
fog, and precipitation, and to improve weather modifica-
tion techniques. The following literature review is 
presented in chronological order and covers selected 
papers on closed parcel models, fluctuating fields, seeding 
effects, and retardation of nuclei growth by surfactants. 
A. CLOSED PARCEL MODELS 
Several investigators have constructed computational 
schemes for studying, in detail, how a droplet spectrum is 
formed on a specified nucleus population, contained in a 
parcel of humid air, as the air is cooled by expansion. 
The first one-dimensional model was introduced by 
Findeisen (1944). His model was characterized by a steady 
updraft velocity and discrete size spectrum distribution. 
He was able to predict the profile of supersaturation inside 
the cloud, the maximum of which was found to be dependent 
upon the magnitude ~f th~ tipdraft, th~ concentration, 
3 
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and the nature of nuclei. 
Howell (1949) formulated a growth equation for a 
droplet growing by condensation and proceeded, by hand 
computations, to integrate this equation for a population 
of varied sized nuclei (not related directly to any actual 
measurements). With his model it was found, among other 
conclusions, that the conditions under which operations of 
the growth equation favor a broad spectrum are not adequately 
clarified. 
Squires (1952) considered the ventilation effect on 
the growth rate and constructed a modified growth equation 
to account for this effect. It was concluded that the 
ventilation effect gives an increase in the growth rate, 
does not become significant until the drops are large. 
Squires also studied certain general characteristics in 
clouds, and was able to derive an approximate expression 
for the supersaturation as a function of observable quanti-
ties such as the number of drops, their radii, and the up-
draft velocity. 
Since Woodcock (1952) demonstrated the presence of 
-8 -12 large sea-salt nuclei (10 -10 gm) in the atmosphere, 
Keith and Arons (1953) have doubted the accuracy of the 
growth calculations by Howell and Squires, due to the use 
of Raoult's law and various other approximations. In their 
theoretical and experimental investigation, Keith and 
Arons were concerned with .the growth of concentrated 
solution droplets. From :their results, Keith and Arons 
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were able to trace the growth of sea salt particles rising 
from the sea surface to a cloud base. 
With advanced computer techniques, Mordy (1959) exten-
ded Howell's work by investigating a number of additional 
facto~s which influence droplet growth by condensation. 
He believed that the inconclusive results by Howell were 
partially due to inadequate information about condensation 
nuclei. In his model, with some refinement in the growth 
equation, the range of particle numbers indicated by 
Woodcock's observations were extended into the Junge-Aitken 
range of small particles. The relative humidity was 
treated as a dependent variable and droplet sedimentation 
was taken into account by using Stoke's law. Mordy's 
final results differed in details but not in general 
character with those of Howell's earlier work. 
~eiburger and Chien (1960) undertook a study to see 
whether droplet growth by condensation alone could explain 
the remarkable uniformity of droplet spectrum in clouds 
formed under quite different conditions. They also sought 
to e~plain whether condensational growth on the observed 
wide ~ange of nuclei sizes could give a few drops large 
enough (r > 25 ~m) to initiate the growth of precipitation 
by coalescence. While their results were quite similar to 
those of Howell, a sufficient number of large drops were 
formed on the _ giant nuclei to initiate drop growth by coa-
lesc.ence .• 
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All the preceeding models consider a closed moist 
parcel, containing a specified spectrum of condensation 
nuclei, rising at an arbitrarily assigned vertical vela-
city, and cooling uniformly through its volume. The results 
of computations agree in demonstrating that, with the 
closed parcel model, supersaturation undergoes a rapid 
increase with time to a maximum, followed by a slower 
decrease towards its initial value. The non-activating 
droplets appear to grow until the maximum supersaturation 
has been reached and then evaporate slowly while the acti-
vated nuclei grow rapidly, resulting in an increased size 
gap between them. 
According to Mason and Chien (1962, p. 136) 
"The most unrealistic features of the 
closed parcel model are: 
1. The assumption that cloudy air does not 
mix and become diluted with the surrounding 
drier air, the reality of mixing is indicated 
by the measured liquid water content of non-
precipitating clouds being usually less than 
the adiabatic value. 
2. The assumption that all droplets are re-
tained and have equal life-times in the cloud. 
3. The assignment of an arbitrary vertical 
velocity". 
B. MIXING EFFECTS 
A comparison among the size spectra distribution 
observed in clouds with those calculated by diffusional 
growth models was carried out by HQwe].l, et al. (1949). 
They suggested that the observed wide droplet size distri-
bution could result from mixing of parcels of humid air. 
This idea was further investigated by Mason and Chien 
(1962), who followed the growth of droplets by condensation 
upon hygroscopic nuclei as they are lifted in a parcel as 
it mixes and exchanges heat, momentum and water vapor with 
its environment. 
They concluded that the mixing of unsaturated 
environmental air results in a considerable broadening 
of the droplet spectrum. This is due to the continued 
transfer of growing cloud droplets to the drier environment 
and their replacement by new condensation nuclei upon 
which droplets form. 
Podzimek (1969) drew attention to some relations 
between condensation nuclei and cloud dynamics. In his 
model he found the influence of giant condensation nuclei 
on the droplet spectrum to be greater than that of the less 
active nuclei. He also described the effects of inter-
ference into cloud microstructures by mixing a nuclei 
spectrum which varies with time. This mixing effect 
enlarges the coagulation efficiency of the falling precipi-
tation elements impinging on the bigger droplets grown 
on giant condensation nuclei. 
Chen (1970) discussed droplet growth in an entrain-
7 
ing updraft of nuclei-free air. He concluded that en-
trainment does not influence the vertical velocity materially, 
and since the rate of cooling produced by the vertical 
velocity dominates the droplet growth, the condensation 
process is not slowed down by allowing for entrainment of 
8 
dry air. He also found that the initial nuclei distribution 
is of primary importance in determining the developed 
number of large drops. 
In a two-dimensional time dependent dynamic model 
of a numerically simulated convective cloud, Arnason and 
Greenfield (1972) incorporated the microphysical processes 
governing condensation with the macrophysical processes. 
They took full account of the nuclei spectrum and predicted 
droplet size distributions at all spatial grid points 
throughout the life time of the cloud. From their compu-
tation of the coefficient of droplet dispersion, they 
showed agreement between their results and those values 
reported from Warner's observations (1969) and others. 
Warner (1973) raised questions about the general 
validity of Mason and Chien's results and examined the 
effects of droplet spectrum on mixing between clouds and 
the environment. He restricted his calculations to include 
the lower part of his cloud model where condensational 
growth is the dominant process and to exclude the growth 
by collection. He found that mixing, if the environment 
is nuclei-free, slightly broadens the spectrum with a small 
reduction in the mean droplet size and total concentra-
tion. If the environment contains active nuclei, a broad 
spectrum is developed, but differs from those observed 
in natural clouds. From his computations and observations 
he concluded that simple mixing between clouds and environ-
ment is unimportant in determining the droplet size 
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distribution, at least at the early stage of cloud formation. 
More recently Mason and Jonas (1974) developed a 
model of a non-precipitating cumulus cloud that grows by 
the ascent of successive spherical thermals through the 
residues of their predecessors. The authors allowed for 
mixing with the surroundings to be determined only by 
the relative velocity and the radius of the thermal. 
From the numerical results Mason and Jonas demonstrated 
that the model can account for several important features 
of the cloud structure and the droplet size spectrum. 
For example, it produces modest clouds in which the updraft 
velocity, liquid water content, and droplet spectra agree 
well with observations. 
C. FLUCTUATING FIELDS 
Another line of thought has been developed to explain 
the discrepancy between the observed cloud droplet spectrum 
and those obtained from diffusional growth models. Several 
articles have dealt with the fluctuations of the meteorolo-
gical parameters in clouds. Howell was the first to suggest 
that turbulence is a possible mechanism for broadening the 
droplet distribution in natural clouds. Srivastava and 
Roy (1962) theoretically investigated the effect of turbu-
lence on the evolution of droplet distribution by conden-
sational growth. In their model four assumptions were 
made: 
1. Turbulent eddies are superimposed on a steady up-
draft. 
2. All droplets are taken initially to have the same 
radius. 
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3. The effects of curvature and nuclei mass are ignored. 
4. The updraft is considered to be constant. 
These assumptions allowed the authors to obtain an 
equation for the droplet size distribution function which 
widens with time. However, the assumption of constant 
updraft made their results questionable. 
The concept of stochastic condensation was developed 
by a number of Russian workers (Belyaev, 1961, 1967; 
Levin and Sedunov, 1966, 1968; Mazin, 1965, 1968 and 
Sedunov, 1965, 1967) to explain the wide despersity of 
droplets in natural clouds. The treatment of these 
workers are all quite similar and based on the supposition 
that, throughout the clouds, the updraft undergoes random 
fluctuations which in turn produces random fluctuations 
in the supersaturation. To examine this effect on the 
evolution of droplet spectrum by condensation, a number 
of assumptions were made in their models: 
1. All droplets are to be initially of the same size. 
2. The curvature and solution effect are negligible. 
3. The supersaturation is considered to be quasi-
stationary and expressed in terms of updraft velocity. 
From the precedi~g assumptions the authors were able 
to derive a distributi.on function of radius, which, with 
time, varies from 10 to 40 minutes after the start of the 
process, producing a broad size spectrum distribution. It 
should be noted that the droplet distribution at a given 
time cannot be related to a given height above the cloud 
base, but is related to some fixed time interval during 
which condensation occurs on each class of nuclei 
travelling with different fluctuating updrafts. 
Some criticism of the results of stochastic conden-
sation were discussed by several authors. Warner (1969) 
doubted the general validity of the above assumptions and 
stated that the applicability of the results to observa-
tions at a fixed height is uncertain. Kabanov, et al. 
(1970) pointed out that, assuming droplets are generated 
from a thin active layer near the cloud base, and if the 
droplets are distributed uniformly, stochastastic conden-
sation will produce the same droplet spectrum at some 
specific height as would result from condensation in a 
steady updraft. 
Warner (1969) attempted to simulate the evolution 
of the droplet spectrum by condensation upon a spectrum 
of salt nuclei in a turbulent updraft. The set of equa-
tions governing the growth of the various-sized droplets 
and the equation for the time rate of change of super-
saturation were solved numerically. He showed that turbu-
lence does not markedly broaden the droplet size distri-
bution beyond that produced by condensation in a steady 
updraft. To account for the invariable obs·ervations of 
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number of droplets <10 ~m radius at altitudes of a few 
hundred meters or less above the cloud base, Warner 
assumed a condensation coefficient ~ 0.05, and for droplets 
>5 ~m a condensation coefficient ~0.02 was chosen for 
all the droplets. These limitations on the condensation 
coefficient were further investigated by Paluch (1971) 
who showed that broadening of the droplet spectrum, 
based on the lower condensation coefficient, could not 
be maintained at higher altitudes. 
Attempt was also made by Bartlett (1968) to simulate 
the turbulent fluctuations in the updraft by means of 
suitably selected classes of random numbers, and to follow 
the growth of droplets by numerical solution. By com-
bining the observed results for the maximum effective 
scale of turbulence with the magnitude of the assumed 
12 
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updraft fluctuations, Bartlett found that a value >10 erg gm 
for the energy dissipation, representative of moderately 
active cumulus, is significant in the broadening effect 
of cloud droplets. 
An investigation on the effect of condensational 
growth of water vapor upon soluble and insoluble nuclei 
was proposed by Kornfeld (1970). In her paper she points 
out that a noticeable effect on broadening cloud droplet 
spectrum can be expected in the case of soluble and in-
soluble nuclei acting simultaneously in a rising parcel 
of humid air. 
To check the validity of Kornfeld's result, Paluch 
(1971) performed similar computations and suggested that 
at higher altitudes the presence of insoluble nuclei can-
not be expected to produce significant widening of the 
droplet spectrum. A final conclusion from Kornfeld's 
model indicated that fluctuating updraft does not effect 
the final sizes of droplets at certain heights from those 
of steady updraft. 
A recent model based on small fluctuations in super-
saturation, coupled with droplet sedimentation, was pro-
posed by Paluch (1971). A column of air containing a 
vertical variation in humidity is allowed to rise with 
constant updraft. During the early stages of condensation, 
droplets in the different humidity regions grow to varying 
sizes, and have different settling velocities. Larger 
droplets, initially growing in a high-humidity region, 
settle in a low-humidity region and their growth is re-
tarded. Smaller droplets falling in a region, initially 
of high humidity and now relatively free from droplets, 
grow rapidly. This mechanism tends to maintain fluctua-
tions in droplet concentration, liquid water content, 
local variations in relative humidity and broad droplet 
size spectrum. 
13 
D. RETARDATION OF CONDENSATION NUCLEI GROWTH BY SURFACTANT 
It has been established by La Mer (1962) in his experi-
mental and theoretical studies that a cetyl-alcohol 
14 
monolayer on the surface of a water drop may markedly 
effect the evaporation and condensation processes. The 
growth-retarding property is due to the formation of simi-
larly oriented molecules which reduce the rate at which 
molecules enter or leave the droplet surface. One of the 
practical problems in this area is the passivation of 
nuclei or droplets whose diameter corresponds to the atmos-
pheric condensation nuclei. This can be achieved by surfac-
tant monolayers adsorbed on the particular surface from the 
gas phase. 
The possibility of using long-chain alcohols for fog 
prevention by inhibiting the growth of droplets was pro-
posed and examined experimentally by Jiusto (1964). The 
author showed that the cetyl-alcohol layer on a salt solu-
tion drop could reduce the growth rate by a factor of 100 
to 10,000. He also found that the growth of solution 
droplets in a field of rising humidity could be suppressed 
in the presence of these alcohols. 
Bigg, et al. (1969) extended Jiusto's observations 
and developed the following hypothesis (p. 77): 
"If all the swelling condensation nuclei are 
covered with monolayers of alcohol, retarding 
their growth, much greater supersaturation should 
occur. The growth of the first droplets to 
break their monolayers should therefore be spec-
tacular, allowing them to deplete the humidity 
rapidly and slow the growth of their still 
retarded neighbors even further. The droplet 
sizes should therefore be larger and their con-
centrations lower than the untreated atmosphere". 
The authors examined quantitatively the preceding 
hypothesis in their field trails. They showed that by 
dispersing practicable amounts of long-chain alcohols it 
was possible to improve the visibility through the fog. 
Derjaguin and Kurghin (1969) give a theoretical treat-
ment of the simultaneous adsorption and condensation of 
water vapor on growing nuclei. While their study is re-
stricted to the growth of small and giant nuclei in unlimi-
ted supply of cetyl-alcohol, they are able to determine a 
critical water vapor supersaturation beyond which the drop 
grows too fast for adsorption to maintain the monolayer. 
More recently Warner and Warne (1970) have developed 
a numerical model to generalize the earlier work by 
Derjaguin and Kurghin. The model considers the growth by 
adsorption and concentration of cetyl-alcohol and water 
vapor on a population of hygroscopic nuclei in a contami-
nated atmosphere being cooled at a given rate. In their 
application to fog formation, they were able to conclude 
that contamination of nuclei by cetyl-alcohol may serve 
15 
to delay the formation of fog for a certain time, depending 
upon the concentration of cetyl-alcohol, rate of cooling of 
the atmosphere, and the initial size spectrum of nuclei. 
In summary, little attention has been paid in the past 
to the modeling of the early stage of cloud formation in a 
simulation chamber. The purpose of this research is to 
develop a numerical model to account under chamber conditions, 
for the thermodynamic characteristics of a parcel which 
16 
contains dry air, water vapor, and condensation nuclei. 
The model presented in this work is capable of handling 
different cloud physics processes, such as the growth of 
droplets under a fluctuating field of temperature, sedi-
mentation effects, seeding effects, and the passivation 
of nuclei by surfactant. The model also includes the 
latest theory of the droplet growth as described by Carstens 
(1973). 
17 
III. MATHEMATICAL FORMULATION OF THE MODEL 
Clouds in the atmosphere are often formed when a 
parcel of warm air near the ground rises due to buoyancy, 
cools by expansion, and once cooled below the dew point, 
condenses water vapor. The simplest process to simulate is 
one in which entrainment with the surrounding dryer environ-
ment does not occur. When the air parcel reaches a level 
where its temperature is decreased, the equilibrium saturation 
vapor pressure at that temperature is equal to the actual 
vapor pressure of the parcel. The relative humidity of the 
air is then 100% or the supersaturation ratio is equal to 
zero. As the air parcel continues upward from the saturation 
level in the simulated ascent, nuclei begin to become acti-
vated and droplets grow to form clouds. Figure 1 illustrates 
the physical processes leading to the formation of cumulus 
clouds, along with a schematic illustration of the cloud 
simulation chamber. 
A set of simultaneous differential equations governing 
the condensational growth of discrete population of cloud 
droplets in a rising parcel of air, as well as in a cloud 
simulation chamber, are given below: 
A. THERMODYNAMICS 
The thermodynamic calculations consider the heat 
balance in a rising parcel of moist air or a cloud simula-
tion chamber. The specified expansion rate of the chamber 
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parcel rising with a known updraft velocity. The heat 
balance for a closed system containing a mixture of dry 
air, water vapor, and liquid water is described by the first 
law of thermodynamics in the form: 
dH = oQ + Vdp 
m 
{3.1) 
where H is the total enthalpy of the constituents, V is the 
volume of the cloud simulation chamber or the parcel, 
p is the pressure of the mixture, and Q is the heat trans-
m 
fer across the boundary of the system. 
The change in the total enthalpy is due to the follow-
ing physical processes: 
1. heat lost by the dry air due to the expansion process 
{3.2) 
where Ga is the mass of dry air, c . is the specific pa 
heat of dry air at constant pressure, and T is the 
temperature 





where L is the latent heat of condensation, and 
Gv is the mass of vapor in air parcel 
3. sensible heat taken from the parcel by the liquid 
water present 
where Sw is the specific heat of water, Gw is the 
total amount of water condensed upon nuclei, and T 
r 
is the temperature of the droplets. 
There is a time lag in temperature between the droplets and 
the surrounding air due to their heat storage. Mordy (1959) 
mentioned that the difference, dT , is not expected to be 
r 
much larger than the temperature change of the environment, 
dT, as far as the droplets remain very small (r<lO ~m). 
This means that the relaxation time of droplets is very small, 
which permits the preceding equation to be written as 
dH 3 = S G dT (3.4) ww 
The Vdpm term in eq. (3.1) can be written in the form 
G 
m Vdp = dp 
m pro m (3. 5) 
where Gm is the mass of moist air and equal to (G +G ) and 
a v 
pro is the density of the moist air. The physical meaning 
of this term will be explained in part B of this section. 
Substituting eqs. (3.2-5) into (3.1), dividing by 
dt, and rearranging, we get 
dG dT cQ dT 
-L v S G . + = G (C dt - w w dE dt m pro dt ( 3. 6) 
In eq. (3.6) we assume dilute species of water vapor so 
that Ga ~ G and C ~ C , where C is the specific 
rn pa - pro · pro 




Simulating a rising parcel of air in a cloud simulation 
chamber requires a relationship between the expansion rate 
dpm 
of the chamber, dt' and the rate of change of pressure 
in a rising parcel, which is a function of the updraft 
velocity, U. The updraft velocity may be considered steady 
or fluctuating with time, in general 
U = U + f(t) = dZ 
0 at ( 3. 7) 
where u is the steady component of . the updraft, and f(_t) 
0 
the fluctuations with respect to time. For a natural cloud 
element with unit area and height dZ, rising with an updraft 
velocity u, the vertical force balance gives: 
p - (p +dp ) - p gdZ 
m m m m (3.8) 
or 
dp ~ = -p U[g + df(t)] 
dt m dt ( 3. 9) 
By assuming the validity of the perfect gas law for the 
water vapor because of the low values of its vapor pressure, 
and on the basis of Dalton's law, eq. (3.9) is expressed as 
and 
ProU df (t)] 








where Rm, Ra' and Rv are the specific gas constants of 
moist air, dry air, and water vapor respectively. 
Combining eqs. (3.6) and (3.9), an expression for the 
temperature lapse rate is obtained as 
dGV . df(t) 8Q 
dT -L crt- GmU[g + dt ] + at 
dt = G C + S G 
m pm w w 
(3 .12) 
The Vdpm term of eq. (3.1) appears now as -GmU[g+d~~t)], 
representing the adiabatic cooling of the parcel. For a 
steady updraft velocity 
Vdp = -G Ug 
m m 
( 3. Sa) 
C. GROWTH EQUATION OF A STATIONARY DROPLET 
For the droplet growth calculations, the growth equa-
tions used are those described by Carstens (1973), and by 
Carstens, et al. (1974). Briefly, the growth rate of a 





Psat 0 eff * 
r (S-S ) 
pi 
( 3 .13) 
where r is the droplet radius, psat is the saturation vapor 
* density at infinity, pi is the liquid water density, D eff 
is the compensated diffusion coefficient, S is the applied 
* supersaturation, S is the equilibrium supersaturation over 
* a droplet, and t is the time. The term (S-S ) is usually 
referred to as the driving force which controls the droplet 
growth. According to Carstens (1973) 
1 
= b~ + ~ 





£ = (1-~)~ y-1 I BTI 
a. 2 a.p y + 1 R T 
m a 
where K and D are the compensated transport coefficients 
for heat and water vapor respectively, s is a characteris-
tic length which is equal to the weighted average of the 
lengths £a. and £S' K is the thermal conductivity of the gas, 
D is the diffusion coefficient of water vapor in air, y is 
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the specific heat ratio of air, S is the condensation coeffi-
cient, and a. is the accommodation coefficient. The factor 
b is a linearized constant and represents the slope of 
psat-T curve. In identifying b with a pure flat surface, 
* the growth equations assume that S and S are rather close 
to zero. 
The numerical computations of the droplet growth 
presented in this work include the growth equation presented 
by Carstens, et al. (1974). This paper is included as 
APPENDIX C for the reader's convenience. 
D. KELVIN AND RAOULT EFFECTS 
* The equilibrium supersaturation, S , as it appears in 
eq. (3.13) was expressed as (see Fletcher, 1969, p. 59) 
* 2cr S = [exp(P R Tr)] 
£ v 
(3.14) 
where a is the surface tension of water, i is the van't 
Hoff factor (i=2 for NaCl), Mw is the molecular weight of 
water, M is the molecular weight of salt, m is the mass 
n o 
3 ' of dissolved salt. The term m = (4/3)Tir p - m , is the 
w 0 
mass of pure water on a drop and p is the droplet solution 
density. Eq. (3.14) assumed Raoult's law and hence is 
valid only for dilute solutions. Therefore, a necessary, 
but not sufficient, condition for eq. (3.14) to be valid 
is that the salt is completely dissolved. The radius 
corresponding to complete dissolution 
'l+e 1/3 
e-J ' (3.15) 
24 
e = (3 .16) 
where 6 is the solubility of salt in water. When the drop-
let solution is sufficiently dilute, i.e., m <<(4/3)Tir 3 p•, 
0 













p R T I ~ v 
3 . M l. w 
A = 41T M mo 
n 
(3.17) 
The first term in eq. (3.17) is referred to as the Kelvin 
effect and the second as Raoult's effect. 
The computations presented in this work assume satura-
ted conditions at the start of any physical process, so 
the assumption of dilute solutions is reasonable, as is the 
assumption of Raoult's law, (see Low, 1969). 
E • KOHLER CURVE 
* A plot of S versus r, as illustrated by eq. (3.17), 
is the well known Kohler curve, which describes the super-
saturation required to maintain equilibrium conditions 
between the drop and its environment. Figure 2 shows the 
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r 1 = equilibrium radius at zero supersaturation 
r = critical radius c 
RS(l) = unstable equilibrium radius at S 
RS(2) = stable equilibrium radius at S 
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growth under a constant applied supersaturation. Equili-
* brium radius at S = 0, and critical data for a given 
nucleus are also shown in Figure 2. 
F. RATE OF CHANGE OF LIQUID WATER CONTENT (LWC) 
If we assume homogeneous conditions in the chamber, 
and consider an initial volume element of 1 cm3 , the liquid 
water content is defined as 
n 
W = (4/3)np~ L: 
j=l 
3 3 N. (r. -r . ) J J OJ (3.18) 
where Nj is the number of drops per cm3 of class j, r 0 the 
radius of nucleus, and n the total number of classes. 




n 2 dr. 3 3 dN. 
= 4np~[ L: NJ.rJ. crt+ (4/3)7Tp£,(rJ.-r0 J. >crt] (3.19) j=l 
The second term on the right hand side of eq. (3.19) 
is related to the time rate of change of the size distribu-
tion function. If one assumes that the condensed phase is 
carried along with the parcel, eq. (3.19) becomes 
dW 
dt 
n 2 dr. 
= 47Tp£, L: NJ.rJ. ~ j=l (3.20) 
G. RATE OF CHANGE OF SUPERSATURATION 









dt {3. 21) 
where, p and p t are the water vapor density and its sa 
saturation density, respectively. The details of evaluat-
ing the derivatives on the right hand side of eq. {3.21) 
are given in APPENDIX A. The final expression is given in 
terms of the estimated derivatives as 
dS 
dt = 
{l+S) dpm 1 dW 
Pm dt - psat dt 
H. MOISTURE BALANCE 
(l+S) L dT 
R T2 dt 
v 
{3.22) 
Since the mass of water is conserved in the volume 
element, the rate of change of liquid water content, W, and 





This implies that a decrease in the mass of water vapor pro-
28 
duces an increase in the liquid water content by the same amount 
29 
On the basis of the preceding representations, the 
simulation model consists of a system of s~ultaneous first-
order differential equations. The initial conditions, 
nuclei spectrum and the numerical computation method are 
described in Section IV. 
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IV. NUMERICAL COMPUTATIONS 
ADIABATIC CHAMBER 
A. INTRODUCTION 
A computer program has been written and processed to 
eva 1 ua te eq s • ( 3 • 1 0 ) , ( 3 • 12 ) , ( 3 • 13 ) , ( 3 • 19 ) and ( 3 • 2 2 ) 
as given in Section III. The program utilizes the tech-
nique of integration using Harruning's modified predictor-
corrector method (see Ralston and Wilf, 1960, P. 95-109) 
to obtain an approximate solution of a general system of 
first-order ordinary differential equations with given 
initial values. The method is a stable fourth-order inte-
gration procedure that requires the evaluation of the right-
hand side of the system using only two time steps, general-
ly considered to be more efficient than other methods of 
the same accuracy. Another advantage is that at each time 
step the computation procedure gives an estimate for the 
local truncation error, thus the method is able to adjust 
the time step without a significant amount of calculation 
time. On the other hand, it is not self starting, a 
special Runge-Kutta procedure followed by one iteration 
step is added to obtain starting values (see Ralston, 1962). 
B. INITIAL CONDITIONS (INPUT DATA REQUIREMENT) 
The computations start at t=O. Initial or input 
conditions for the model include the initial temperature T0 , 
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pressure p , supersaturation ratio S , updraft velocity 
mo o 
U for the type of cloud under consideration, and the 
nuclei size spectrum distribution. The simulated parcel 
is assumed to start from the cloud base at zero super-
saturation, then rise and expand to form cloud droplets by 
condensation on hygroscopic nuclei. 
Only one nuclei size spectrum distribution is used 
for all the computations, the reason being to compare the 
corresponding results with the different numerical experi-
ments. The distribution is given by Warner (1973), and 
is considered to be more representative of natural aerosol. 
The distribution was originally grouped into 38 classes, 
totalling 300 cm- 3 • For this study, it is regrouped into 
11 classes for computational convenience. Table I shows the 
different classes of nuclei, their masses, concentration, 
critical supersaturation, nucleus radius, critical radius, 
and the equilibrium radius at the start of the computa-
tions. According to Warner (1973), nuclei of masses 
<3.3 x 10-lS gm are assumed to be at their equilibrium 
size at saturation. Larger nuclei are assumed to be 
below equilibrium size; the largest being in equilibrium 
at 99% RH. 
By choosing the preceding parameters, other necessary 
initial values can be obtained by the following relations: 
The initial vapor pressure of the parcel at zero 
supersaturation is 
TABLE I. DATA FOR THE INITIAL SIZE SPECTRUM DISTRIBUTION OF CONDENSATION NUCLEI 
MASS OF CONCENTRA- CRITICAL · NUCLEUS CRITICAL INITIAL 
CLASS NUCLEUS TION SUPERSATURATION RADIUS RADIUS RADIUS 
(gm) (cm-3) (%) (llm) (llm) (llm) 
1 4.3 X 10-17 60.00 0.5860 0.0168 0.1292 0.0746 
2 9.8 X 10-17 60.00 0.3882 0.0221 0.1951 0.1126 
3 3.0 X 10-16 60.00 0.2218 0.0341 0.3413 0.1970 
4 6.0 X 10-16 60.00 0.1569 0.0405 0.4827 0.2772 
5 1.8 X 10-15 50.00 0.0905 0.0584 0.8360 0.4802 
6 4.4 X 10-15 08.00 0.0579 0.0786 1.3071 0.6071 
7 9.5 X 10-15 01.00 0.0394 0.1016 1.9206 0.7327 
8 7.0 X 10-14 00.50 0.0145 0.1978 5.2134 1.3934 
9 1.0 X 10-12 00.40 0.0038 0.4799 19.7049 2.8427 
10 1.0 X 10-11 00.08 0.0012 1.0339 62.3123 5.6382 











( 4. 1) 
where e t(T ) is the saturation vapor pressure at T • 
sa o o 
For an initial volume of 1 cm3 for the air parcel, the 
mass of dry air G and the mass of water vapor G are 
a vo 
given by 
( 4. 2) 
and 
( 4. 3) 





3 3 N. (r. - r . ) 
J J OJ 
( 4. 4) 
where r. is the equilibrium radius of class j nuclei at 
J 
t=O, and r . is the radius of the salt nucleus of the same OJ 
class. 
C. INTEGRATION OF THE EQUATIONS 
The program as shown in APPENDIX B to be applicable 
to adiabatic conditions (oQ =0) and steady updraft velo-
cities (d~~t) = 0). Modifications in the program to 
account for the different computations will be discussed 
in Section V. 
The evolution of the droplet distribution is described 
by a set of 15 simultaneous differential equations: a 
34 
condensation growth equation for each of the 11 size classes 
of nuclei (solution) droplets, plus equations for the time 
rate of change of temperature, pressure, supersaturation 
and liquid water content. These equations are listed in 
the following sequence for computational convenience. 
dr. Psat 0 *eff 
-at = (S-S* . ) p~ r. J J 
j = (1 1 2 I • • • I 11) (4.5-15) 
dW 11 2 dr. 
dt = 4;rp~ l: N. r. 
__ J 
j=l J J dt 
(4.16) 
L dW GmUg dT at -
= at Gm c + s G pm w w 
(4.17) 
dpm pmUg 
= crt R T ( 4 .18) 
m 
dS (l+S) dp 1 dW (l+S)L dT m 
dt = dt dt T2 crt Pm Psat R 
v 
(4.19) 
The water vapor saturation density Psat in eq. (4.19) 
can be obtained by using Teten's formula {see Murray, 1967) 
as 
{ 6107 8 [17.269388 {T-273.16)]}/R T Psat = · exp T-35.86 v {4.20) 
or by using the linearized equation adopted by Carstens 
(1973) for the Clausius-Clapeyron equation as 
p t = bT + C sa (4. 21) 
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where b and c are linearized constants. Equations (4.20) 
and (4.21) are both used in the computations. A comparison 
between the results obtained by interchanging one with the 
other indicates that the equations are of the same accuracy 
within the temperature range of interest. 
The preceding system of first-order simultaneous 
differential equations is solved for the following initial 
conditions. 
Pressure = 1013000 -2 dyn em 
Temperature = 283.16 °K 
V. RESULTS AND DISCUSSION 
Results with appropriate discussion are presented 
here according to the following sequence of the numerical 
experiments: 
A. Steady Updraft Velocities. 
B. Fluctuations of Updraft Velocities in Clouds. 
C. Fluctuations of Temperature in Clouds. 
D. Effect of Heat Transfer to the Expanding Gas. 
E. Sedimentation Effects. 
F. Seeding Effects. 
G. Retardation of Nuclei Growth by Surfactant. 
In presenting results from the above areas, an attempt has 
been made to select the salient features from the mass of 
numerical data. 
The computations were carried out on the University of 
Missouri - Rolla, IBM 360/50. As an indication of calcu-
lation time requirements, the computation of droplet spec-
trum, together with other thermodynamic parameters for the 
case of steady updraft, took 344 seconds of CPU time to 
simulate an early stage of cloud formation of real time 
250 seconds. 
The calculations were performed in all cases for the 
same initial conditions presented in Section IV. 
A. SIMULATION OF THE STEADY UPDRAFT VELOCITIES 
To test and compare the results of these numerical 
36 
computations with the available data of the closed parcel 
models, the computer program described in APPENDIX B is 
processed to predict the evolution of cloud droplets for an 
adiabatic simulation chamber. The growth of cloud droplets 
by condensation of water vapor upon a spectrum of hygroscopic 
nuclei is followed as they are introduced into the chamber. 
The expansion rate of the chamber simulates the rate of change 
of pressure in a vertically moving parcel of air with a 
specified updraft velocity U. 
The three updraft velocities chosen for the experiment 
-1 
are 10, 100 and 1000 em sec , selected to simulate, 
respectively, the formation of fog or stratus, fair-weather 
cumulus clouds, and thunderstorms. Figure 3 shows the 
pressure variation with time and represents the expansion 
rate of the chamber. The results presented in Figure 4 
show the moist air temperature-time dependence in the 
chamber. As the expansion process begins, the moist air 
within the chamber cools according to the "activation adia-
bat" which start up along the "dry adiabat" at t=O. As 
droplet activation takes place, the "activation adiabat" 
veers suddenly to values well below the "moist adiabat", 
and finally recovers to approach "saturated adiabat". This 
behavior is similar to the one described by McDonald (1962) 
for the anomalous adiabatic cooling rates in clouds. To 
illustrate the behavior of the parcel quantitatively at 
the early stage of cloud development, the ratio of the heat 
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FIGURE 3. PRESSURE OF THE CLOUD _. SIMULATION CHAM~ER . AS A 
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FIGURE 4. THE CHANGE OF TEMPERATURE WITH TIME FOR THREE 
DIFFERENT EXPANSION RATES. 
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given as 




which is plotted in Figure 5 for the specified updraft 
velocities as a function of time. As shown in Figure 5, 
-1 for the case of an updraft velocity of 1000 em sec , the 
value of this ratio is 0.00179 at the start of the expan-
sion, representing dry adiabatic conditions, and increases 
to reach a maximum value of 0.603 at which point it 
decreases slowly and stabilizes at a value corresponding to 
moist adiabatic conditions. It should be mentioned that 
for simulation experiments involving smaller updraft velo-
40 
cities, the value of rh' corresponding to maximum conditions, 
reaches a higher value in comparison with the corresponding 
values for larger updraft velocities. As an example, the 
value of rh for the case of formation of upslope fog or 
stratus is 0.745 after 87 seconds, while for fair-weather 
cumulus is 0.694 after 27 seconds. This effect is due to 
the fact that the condensation process of slow expansion rates 
will have more time to release the latent heat of conden-
sation relative to processes of larger expansion rates. 
The condensational growth of nuclei can be understood 
by analyzing Figures 6, 7, 8 and 9. Figure 6 illustrates 
the supersaturation history of the chamber for different 
expansion rates, and also shows the critical supersaturation 
for the different nuclei classes of the spectrum. The 
familiar phenomenon of the initial rapid increase of the 
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FIGURE 6. SUPERSATURATION AS A FUNCTION OF TIME DURING THE 
PROCESS OF VAPOR CONDENSATION UPON NUCLEI SPECTRUM·.· 
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supersaturation to a maximum, followed by a slower decrease 
towards its initial value, is observed for the adiabatic 
chamber in a similar manner as predicted by Howell (1949), 
Mordy (1959) and Neiburger and Chien (1960). Figure 7 
shows the droplet evolution for the case of upslope fog or 
stratus with an updraft velocity of 10 em sec-1 • The non-
activated droplets appear to grow until the maximum super-
saturation has been reached, and then evaporate slowly 
while the activated nuclei grow rapidly, resulting in an 
increased spectral gap. In this case the maximum super-
saturation is less than the critical supersaturation of the 
first two classes of the spectrum. Figures 8 and 9 show the 
spectrum of all activated nuclei for updraft velocities of 
100 and 1000 em -1 sec The results represented in Figure 
10 show the time dependence of the liquid water content in 
the chamber. 
To predict the visibility of fog formation in a simu-
lation chamber, we use MacCready's (1969) formula 
n 
v = 3/ ~ 




where Vs is the visibility. A plot of Vs versus time is 
shown in Figure 11. 
B. FLUCTUATIONS OF UPDRAFT VELOCITIES IN CLOUDS 
The computer program described in APPENDIX B is modi-
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FIGURE 7. RADII OF DROPLETS AS A FUNCTION OF TIME FOR THE 
NUCLEI SPECTRUM. SIMULATION OF AN UPDRAFT 
VELOCITY ' U~lO CM SEC-1. 
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FlGURE 8. SAME AS FIGURE 7 EXCEPT FOR .SIMULATION OF AN 






















FIGURE 9. SAME AS FIGURE 7 EXCEPT FOR SIMULATION OF AN 


























E / () 
10-7 / 
& / I 
8 I 
z I ~ 
8 I z 
0 I u 




H I ::::> 
or I -1 H -·-·-·U 1000 H = em sec 
I 
----U 100 -1 = em sec 
u 10 -1 = em sec 
0 50 100 150 
TIME (sec) 















0 50 100 150 200 250 
TIME (sec) 
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(oQ3=0). To account for the fluctuating updraft velocity, 
eqs. (4.17) and (4.18) are replaced by 
dW d£(t) 
d T L at - Gln U [.g + dt ] 
dt = G C + S G 
m pm w w 
respectively, where 
.RPm~ [g + df (t) l 
m dt 





Computations are performed for a sinusoidal fluctuation 
imposed on the mean component of the updraft velocity. The 
selected frequencies of fluctuations are f 1 = l/2TI and 
f 2 = O.l/2n sec-
1
, which are compatible with the frequencies 
observed in cumulus clouds by Sartor (private communication) 
and Atlas et al. (1972). The values of the updraft velocities 
are expressed as 
u1 = 100 + 100 sin(t), (5. 5) 
u2 = 100 + 100 sin(O.lt) ( 5. 6) 
Figure 12 shows the temperature variation with time as a 
result of the updraft fluctuations. One can see the signifi-
cant influence of high frequency on the temperature fluctua-
tions of the parcel, which in turn produce strong fluctuations 





__ ;_u = 100+100 sin(t} . 
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FIGURE 12. THE CHANGE OF TEMPERATURE WITH TIME. SIMULATION 
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FIGURE 13. SUPERSATURATION AS A FUNCTION OF TIME. SIMULATION 
OF HIGH · AND LOW FREQUENCY FLUCTUATING UPllRAFT 
VELOCITIES. 
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effect tends to activate or deactivate some nuclei, which 
might create a slight dispersion of the droplet spectrum. 
A comparison between the values of the liquid water content 
after 250 seconds of the expansion indicates a value of 
0.546 10- 6 -3 for the higher frequency and a value of X gm em 
0.929 X 10-6 gm em -3 for the lower frequency. One can explain 
this by the fact that the high frequency tends to retard the 
growth of the nuclei, especially after reaching maximum 
supersaturation. This effect is shown in Figure 14, where 
the liquid water content for high frequency is found to be 
lower than that of low frequency, especially after activa-
tion. Table II compares the spectrum of cloud droplets 
after 250 seconds of the numerical experiment for the high 
and low frequency, respectively. 
The results for high frequency fluctuations indicate 
a difference of 9.5761 ~m between class 1 and class 11 
droplets after . 250 seconds of the expansion process. The 
corresponding difference for low frequency fluctuations is 
8.5621 ~m. A dispersion difference of 1 ~m is due to the 
high frequency fluctuations. In general, this effect is 
quite negligible in comparison with the results of the 
steady updraft velocity of 100 -1 em sec One can reasonably 
conclude that fluctuations in the updraft velocity are of 
secondary importance in widening the droplet spectrum in the 
early stage of cloud formation. This confirms the results 
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FIGURE 14. THE VARIATION OF THE LIQUID WATER CONTENT WITH 
TIME. VALUES ARE PLOTTED FOR TWO DIFFERENT 
FREQUENCIES. 
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TABLE II. COMPARISON BETWEEN THE SPECTRUM OF CLOUD 
DROPLETS FOR HIGH AND LOW FREQUENCY FLUCTUATING UPDRAFT 
CLASS DROPLET RADIUS (11m) DROPLET RADIUS (11m) 
fl = l/27T -1 (sec ) £2 = O.l/27r 
-1 (sec ) 
1 7.1238 8.7254 
2 7.4567 8.9326 
3 7.6304 9.0799 
4 7.7151 9.1475 
5 7.8369 9.2510 
6 7.9334 9.3359 
7 8.0289 9.4191 
8 8.4409 9.7693 
9 9.8202 10.9381 
10 12.8836 13.6839 
11 16.6999 17.2879 
C. TEMPERATURE FLUCTUATIONS IN CLOUDS 
Recent measurements of temperature fluctuations in the 
marine boundary layer by Phelps and Pond (1971) and in 
cumulus clouds by Sartor (private communication) suggest 
that the effect of temperature fluctuations on the evolu-
tion of cloud droplet spectrum should be investigated. In 
natural clouds, the temperature fluctuations are caused by 
the turbulent exchange of heat between the cloud parcel and 
the surrounding environment. 
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Mazin (1968) cited the difficulties involved in modeling 
droplet growth in a fluctuating field of temperature, 
supersaturation, and updraft velocity due to the non-exist-
ing correlations between the fluctuating parameters. The 
author also indicated that the supersaturation fluctuations 
depend mainly on the temperature fluctuation. 
In order to model the temperature fluctuations in 
clouds and study their effects on the droplet evolution of 
cloud droplets, the temperature of the cloud parcel is 
expressed as 
' T = T + T ( 5. 6) 
or 
' dT dT + dT 
crt=crr crt (5.7) 
where T is the mean temperature due to the expansion process 
' and T is the temperature fluctuations. The parcel of air 
is assumed to rise with a steady mean updraft velocity U. 
The updraft fluctuations are further assumed to be de-
coupled with the temperature fluctuations. These assump-
tions are justified due to the strong dependence of super-
saturation fluctuations on temperature fluctuations, and 
the fact that updraft fluctuations are of secondary importance 
in affecting droplet growth as indicated in part B of this 
section. 
By comparing eq. (5.7) with eq. (3.12), we obtain 
dW 
L dT - GmUg 
= G C + S G 






dt = G C + S G 
m pm w w 
(5.9) 
A special case study is performed in which the updraft 
-1 
velocity is assumed to be 10 em sec and · the temperature 
I 
fluctuations T is expressed as 
' T = 0.01 sin (0.5Tit), (5.10) 
' dT Qt = 0.005TI COS (0.5Tit) (5.11) 
-1 . The choice of a frequency of 0.25 sec 1s justified from 
the observations by Sartor for fair-wcather cumu~us clouds. 
To evaluate the influence of temperature fluctuations 
on the droplet spectrum, the temperature, supersaturation 
droplet spectrum, and liquid water content are presented 
in Figures 15, 16, 17 and 18. It can be seen from Figure 
16 that temperature fluctuations play an important role on 
the supersaturation development in the parcel. A comparison 
between the droplet spectrum, Figure 7, for adiabatic 
conditions, and Figure 17 shows that class 3 of the spectrum 
will not be activated when the temperature is fluctuating 
while the same class is activated for the adiabatic chamber. 
Class 4 behaves in a different manner, after being activated 
for 153 seconds, due to the sudden decrease of the super-
saturation from 0.0965% to 0.0328% the equilibrium of this 
class is disturbed and the droplets evaporate from 3.3882 ~m 
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FIGURE 15. THE CHANGE OF TEMPERATURE WITH TIME. SIMULATION 
OF EDDY HEAT FLUX BETWEEN PARCEL AND ENVIRO NMENT. 
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FIGURE 16. SUPERSATURATION AS A FUNCTION OF TIME. SIMULATION 
























FIGURE 17. RADII OF DROPLETS AS A FUNCTION OF TIME. SIMULA-
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FIGURE 18. COMPARISON BETWEEN THE LI QU ID WATER CONTENT 
VALUES FOR STEADY-AND FLUCTUATI NG TEMPERATURE 
FIELD AS A FUNCTION OF TIME. 
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can contribute to the dispersion of the droplets as shown 
in Figure 17. 
Another factor that should be considered is the relaxa-
tion time of growing droplets, which is defined as the 
time required for a droplet to undergo 0.632 of its total 
change from the initial radius to the equilibrium radius 
under the applied supersaturation. Carstens, et al. (1974) 
developed an expression for the relaxation time of growing 
droplets under a constant applied supersaturation. It was 
found that for droplets with nuclei masses less than 3.3 x lo-15 
gm, relaxation time is on the order of tenth's of seconds, 
while for larger masses it is on the order of seconds. On 
the basis of relaxation time, one can explain the fluctua-
tions of droplet radii observed for small nuclei masses as 
shown for class 1 to 5 in Figure 17. The response of small 
droplets to the high frequency fluctuations is significant 
due to the fact that their relaxation time is on the order 
of the period of the supersaturation fluctuations. For larger 
droplets, with relaxation time greater than the period of 
supersaturation fluctuations, the response of droplets to 
these fluctuations tends to vanish and droplet growth is 
more or less similar to the growth under steady conditions. 
From the preceding discussion, temperature fluctuations 
can be considered as an important factor in broadening the 
spectrum of cloud droplets. This is due to the strong 
dependence of the time rate of change of the supersaturation 
_j 
on the temperature fluctuations. This broadening effect 
is dependent upon the period and frequency of fluctuations 
as well as the cooling rate of the cloud parcel. 
D. EFFECT OF HEAT TRANSFER TO THE EXPANDING GAS 
Modeling of a closed parcel in a simulation chamber is 
achieved by approximating an adiabatic expansion. This can 
be done by synchronizing the expansion rate with the 
62 
cooling rates of the walls. Since the synchronization cannot 
be perfectly achieved, there will be a slight heat flow into 
the gas. This heat flow might come from the walls of the 
chamber, ports, or other internal sources such as a laser 
beam. 
The purpose of the following analysis is to consider 
quantitatively the effect of heat transfer on the depletion 
of the supersaturation. 
Kassner, et al. (1968) explains the mechanism by which 
heat is communicated from the walls of the cloud chamber to 
the center during the expansion process. This heat transfer 
results in a heterogeneous temperature throughout the volume 
of the cloud chamber. In addition, the layer of the heated 
gas adjacent to the walls expands and compresses the gas 
throughout the entire chamber. 
The droplet growth calculations under cloud simulation 
chamber conditions require a solution of the Fourier-law 
heat conduction equation to account for the heat released 
by condensation and possible convective currents due to 
buoyancy. This effect is extremely difficult to model 
especially if other heat sources are added to the system. 
The model described below assumes homogeneous tempera-
ture throughout the chamber to account quantitatively the 
effect of heat transfer on the depletion of the supersatu-
ration for a rising parcel. This model might be compared 
with the situation in the atmosphere where the scale of 
turbulence is usually much larger than the volume of the 
parcel in the simulation chamber. 
The heat flow rate into the expanding gas is assumed 
to be fraction of the adiabatic cooling rate of the chamber. 
In the computer program described in APPENDIX B, eq. (4.17) 




to account for the heat transfer rate dt • 
(5.12) 
The results are shown in Figures 19, 20 and 21 for a 
steady updraft velocity of 100 em sec-l and heat transfer 
rates equals to 0.0, 0.25, 0.5, 0.8 and 0.81 of the adia-
batic cooling rate GmUg. 
Figure 19 sho.ws the variation of temperature with time 
for the heat transfer rates. After 250 seconds of the 
0 
expansion process, the gas temperature varies from 281.806 K 
0 
for the adiabatic conditions to 282.702 K for a heat addi-
tion rate equal to 0.81 of the adiabatic cooling. While the 
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FIGURE 19. THE VARIATION OF TEMPERATURE WITH TIME FOR 





as shown in Figure 20, the rate at which the temperature 
decreases becomes important in accounting for the depletion 
of the supersaturation and delay of the time at which maxi-
mum supersaturation occurs. 
The results are given in Table III, where the heat 




The maximum supersaturation reached by the parcel and the 
corresponding time of its occurrence are given in columns 
two and three. The depletion ratio of the supersaturation, 






where S is the maximum supersaturation for heat transfer 
max 
* conditions, and S is the supersaturation for adiabatic max 
conditions. 
TABLE III. DEPLETION OF SUPERSATURATION BY HEAT TRANSFER 
HEAT TRANSFER MAX. SUPER- TIME OF DEPLETION 
RATIO Hr SATURATION S OCCURRENCE RATIO D max (sec) s 
0.00 0.6707 19 0.0000 
0.25 0.6300 23 0.1718 
0.50 0.4702 30 0.3819 
0.75 0. 2302- 74 0.6974 
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FIGURE 20. EFFECT OF HEAT TRANSFER FROt1 THE WALLS ON THE 
DEPLETION OF THE SUPERSATURATI ON . 
The results show that small heat transfer rates 
(Hr < 0.25) tend to only slightly reduce the maximum 
supersaturation attained for adiabatic conditions. This 
67 
effect will in turn retard the growth of the droplets so that 
the radii sizes attained under non-adiabatic conditions are 
approximately 17% smaller than the radii sizes calculated 
from adiabatic conditions. Figure 21 shows the difference 
between adiabatic and non-adiabatic liquid water content 
results. After 250 seconds of real time, the adiabatic 
expansion predicts a liquid water content of 0.543 x 10-6 
-3 -3 gm em , compared to 0.377 gm em for Hr = 0.25. This 
represents a reduction of 30% from the adiabatic value. 
As the heat transfer rate increases (H > 0.25), its 
r-
effect becomes significant in retarding the growth of the 
droplets. The maximum supersaturation reached is less than 
the value required to activate the nuclei. This situation 
becomes important as the heat transfer ratio increases to 
0.81. Under such conditions there is no possibility of 
developing a supersaturation which will activate any class 
of the spectrum in the early stage of cloud formation. 
It is recommended before any cloud simulation experi-
ment that an accurate estimate of the possible heat flux to 
the system be made. This will serve as an important factor 
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FIGURE 21. COMPARISON BETWEEN THE LIQUID r~ATER CONTENT VALUES 
FOR DIFFERENT HEAT TRANSFER RATES. 
E. SEDIMENTATION EFFECTS 
The limitation of height imposed on the simulation 
chamber invalidates the assumption of droplet homogeneity 
in the entire volume of the chamber, suggesting that sedi-
mentation effects must be considered. As the expansion 
process begins to simulate certain aspects of cloud forma-
tion, the resulting increase in the mass of the droplet 
accelerates the droplet motion and increases the distance 
of fall. 
It is necessary to analyze the influence of droplet 
sedimentation on the thermodynamic performance of the simu-
lation chamber. Attention must be focused on the top-most 
level of the chamber where droplet depletion first takes 
place. To numerically model this effect, an initial volume 
element of 1 cm3 , and a height of 1 em at the top section of 
the chamber is considered. Droplets are assumed to leave 
the element once their falling distances reach a value 
larger than the physical dimension of the element. Mole-
cular mass and heat diffusion between the levels are not 
considered in the model. 
Due to the small relaxation time, T, of falling 
droplets relative to the time step of the numerical compu-
tations, it is reasonable to assume that the droplets are 
initially falling with the terminal velocities and start 
from the center of the element (z=O). Under these condi-




dt = 61rnr = -rg (5.15) 
and 
z = 0 at t = 0 
where m is the instantaneous mass of the droplet, n the 
viscosity of air and T the relaxation time of the falling 
droplet. 
The computer program is modified to account for the 
behavior of an element containing falling droplets. Once 
the distance travelled by any droplet reaches 0.5 em, this 
class of droplets is assumed to leave the element. The 
element to be considered in this analysis is the one which 
represents the case of upslope fog or stratus with updraft 
-1 
velocity of 10 em sec Initially the number of first-
order differential equations to be solved is 26. These are 
the orig~nal differential equations described in Section IV 
plus the equations governing the sedimentation of the drop-
lets, i.e., 
dZ. 
J = err T.g J 
j = (1, 2, ••. , 11) 
z. = 0 at t = 0 
J 
As soon as a class from the droplet spectrum leaves 
the element, the number of equations is reduced by two. 
This routine continues unti.l the element is totally depleted 
of droplets. At this time the .final system of equations 


















The results of the calculations are given in Figures 
22, 23, 24 and 25. Figure 22 shows the variation in super-
saturation with time. As the time increases, larger drop-
lets growing in the element begin to settle and leave the 
element, resulting in a low droplet concentration. This 
effect increases the supersaturation rate with the tendency 
of activating more nuclei in a shorter time compared to the 
stationary droplet (zero-gravity) calculations. The slight 
fluctuations of the supersaturation are due mainly to the 
depletion of the liquid water content from the element. A 
comparison between Figure 6 for a zero-gravity element and 
Figure 22 shows the modified behavior of the supersaturation 
due to the falling droplets. For the zero-gravity element 
the supersaturation reaches a maximum of 0.2534% after 65 
seconds and then decreases, while the element with sedimen-
tation reaches 0.2979% supersaturation and continues to 
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FIGURE 22. VARIATION OF THE t~ODIFIED SUPERSATURATION WITH 
TIME DUE TO DHOPLET SEDI ~1ENTATION FROM THE TOP 
SECTION OF THE CHAMBER. 
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increase as the expansion continues. 
Figure 23 illustrates the sequence for depletion of 
the liquid water content from the element. After 116 seconds, 
all droplets leave the element with the result that the 
element behaves as a dry adiabatic. The modified spectrum 
of the droplets is shown in Figure 24, where all the drop-
lets become activated due to the nature of the supersatura-
tion in the element. This spectrum represents the growth 
of the droplets during their residency in the element. 
The falling distance, Z, is shown in Figure 25 for the 
different classes of the droplets. Class 11 are seen to 
reach 0.5 em after 6 seconds, while droplets of class 1 
reach 0.5 em after 166 seconds. The falling velocity for 
class 1 is very small before activation, so that its falling 
distance is relatively small compared to the physical dimen-
sions of the element. As the supersaturation builds up due 
to the depletion of the liquid water content, class 1 drop-
lets become activated after 145 seconds with a falling dis-
tance of 0.0142 em, then leaves the element after 21 seconds 
of activation. 
From the preceding analysis, it can be concluded that 
droplet depletion tends to increase the supersaturation in 
the element. The increase in supersaturation is mainly a 
function of the expansion rate .of the chamber and the de-
pletion rate of the liquid water content. As the expansion 
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FIGURE 23. SEQUENCE OF DEPLETION OF THE DIFFERENT CLASSES 


























FIGURE 24. MODIFIED RADII SPECTRUM DUE TO .DROPLETS FALLING._ 
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FIGURE 25. VARIATION OF THE DISTANCE TRAVELLED BY THE 
DROPLETS WITH TIME. 
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begin to settle, creating a region of low droplet concen-
tration in the upper part of the chamber and a region of 
high droplet concentration below. This effect causes a 
supersaturation gradient in the chamber. Since more latent 
heat of condensation is released in regions with higher 
droplet concentration than in those with lower concentra-
tion, one can expect temperature in homogeneity in the gas 
layer. Since layers with high concentration have more 
buoyancy and subsequently rise more rapidly than layers of 
low concentration, convection currents are created in the 
chamber. 
77 
Droplet sedimentation is an important factor in limit-
ing the expansion rate of the chamber for simulation experi-
ments ~nvolving long times of operation. For simulating 
high updraft velocities, droplet falling becomes a critical 
factor in limiting the time required to record reliable 
observations. 
F. SEEDING EFFECTS 
In this study, a numerical model is developed which 
simulates the modification effects caused by seeding of 
hygroscopic nuclei at different concentrations after 
specific times of cloud formation. The computer program 
described in APPENDIX B is processed for that time at which 
seeding nuclei are inserted into the cloud simulation cham-
ber, then modified to account for new droplet calculations. 
Four arbit.rary nuclei spectra are chosen in order to 
determine the effects of quantity and size of NaCl particles 
on the effectiveness of the seeding experiment. The dis-
tribution of nuclei in these spectra is given in Table IV. 
TABLE IV. NUCLEI SPECTRA FOR CLOUD SEEDING MODEL 
MASS OF INITIAL CONCENTRATION -3 NUCLEUS DROPLET (em ) 
CLASS (gm) RADIUS #1 #2 #3 #4 
(llm) 
12 4.3x1o-17 0.07421 100 100 100 100 
13 1.8xlo-15 0.48015 50 50 45 45 
14 5.0xl0-ll 8.98693 30 40 34 35 
At the time of nuclei insertion, classes 12 and 13 are 
assumed to be in equilibrium at 100% RH, with class 14 at 
99% RH. The two basic assumptions used are: 1. the 
seeded nuclei are distributed uniformly throughout the 
chamber, and 2. the seeded droplets at the tim·e of . inser-
tion possess the same temperature as ·the gas inside the 
chamber. 
To modify the computer program to account for the 
seeding effects, additional liquid water content is compu-
ted at the time of insertion from the seeded droplets dis-
tributed as 
14 
= (4/3)1fp~ I: 
j=12 
3 3 N. (r. - r . ) 
J J OJ 
(5.19) 
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where Wd is the additional liquid water content. Eq. 
(B.4) is modified for the new total liquid content as 
WT = G + W + Wd vo 0 (5. 20) 
which remains constant. After inserting nuclei, the 
number of first-order differential equations to be integra-
ted are the fifteen original equations plus the th~ee 
additional equations governing the growth rate of the seeded 
nuclei. The modified expression for the rate of change of 
the liquid water content is given by 
dW 
at 
14 2 dr. 
= 4Tip~ E NJ.rJ. -at j=l (5.21) 
The results of calculations for an updraft velocity 
-1 
of 100 em sec , simulating fair-weather cumulus clouds, 
are given in Figures 26, 27, 28, 29, 30 and 3l. 
After an interval of thirty seconds, nuclei of distri-
bution #1 are seeded into the chamber. Figu~~ 26 shows 
the modified supersaturation as the expansion process 
continues. With the nuclei insertion, vapor is adsorbed 
by the seeding nuclei, resulting in a decreas~ in the vapor 
pressure. Due to the condensation process, a~ illustrated 
in Figure 27, the temperature inside the cha~her increases 
from 282.957°K to a maximum of 282.963°K in th~ee seconds. 
This sudden temperature increase causes a dec~ease in the 
supersaturation from 0. 5172% to 0 •. 0452% in 19 seconds. As 
79 
0 














FIGURE 26. VARIATION OF THE MODIFIED SUPERSATURATION WITH 
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FIGURE 27. COMPARISON BETWEEN THE TEMPERATURE CHANGES FOR 
SEEDED AND UNSEEDED PARCELS IN THE EARLY STAGE 
OF NUCLEI SEEDING. 
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the expansion cooling continues, and as it exceeds the 
latent heat of condensation, the supersaturation begins to 
increase. After 143 seconds following nuclei insertion, 
the supersaturation reaches a second maximum of 0.09485%, 
then decreases towards its original value. 
Figure 28 illustrates the modified behavior of the 14 
classes of droplet spectrum. Class 12, once inserted in 
the chamber, absorbs water vapor until equilibrium is 
attained at the applied supersaturation, then evaporates 
as the supersaturation decreases and acts as a non-activa-
ted class. 
Class 13 nuclei behaves in a peculiar way. At the time 
of insertion, the applied supersaturation (0.5172%) exceeds 
the critical supersaturation of the nuclei (0.0905%), 
allowing them to grow according to equation (3.13). As 
soon as the supersaturation drops to a value below the 
critical supersaturation, equilibrium occurs and the drop-
lets evaporate. The evaporation of class 12 droplets con-
tinue until the supersaturation reaches its minimum value 
(0.0452%) after 17 seconds of the nuclei insertion. At 
this point the supersaturation starts to build up again and 
the droplets grow with the increasing supersaturation. 
86 seconds after nuclei insertion, the applied supersatura-
tion exceeds the critical supersaturation of the nuclei and 
the droplets become activated. Since the sizes of droplets 
of class 14 are large, their growth is similar to those of 
class 11. 
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FIGURE 28. THE · MOD IF I ED DROPLET SPECTRUr~1 AFTER SEEDING 
NUCLEI OF DISTRIBUTION #1 INTO THE CHAMBER. 
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A conclusion drawn from the seeding of distribution #1 
droplets into the simulation chamber indicates that inser-
tion tends to retard the growth of the original spectrum. 
In the early stages of cloud formation this effect is insuf-
ficient to evaporate the droplets of the spectrum. As shown 
in Figure 30, the liquid water content of distribution #1 
continues to increase after its sudden rise due to the 
insertion. 
Replacing of distribution #1 with distribution #2 
causes the behavior to become significantly different. Due 
to the large concentration of class 14, more water vapor is 
condensed on the nuclei than those of the previous case. 
Figure 27 shows the temperature increase for this distribu-
tion with a maximum temperature of 282.976°K compared to 
282.963 for distribution #1. As the expansion process 
continues, the activated droplets of the original distribu-
tion grow until their equilibrium are disturbed. As they 
begin to evaporate, an additional amount of vapor becomes 
available for condensation upon the larger seeded nuclei. 
This effect is illustrated in Figure 29, in which all the 
classes evaporate except classes 9, 10, 11 and 14. For 
distribution #2 Figure 30 shows an increase in the liquid 
water content; as evaporation begins the liquid water con-
tent decreases. 
An interesting feature of the seeding experiment can be 
illustrated by comparing the results of seeding distribu-




















FIGURE 29. THE MODIFIED D.ROPLET SPECTRUM AFTER SEEDING 
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FIGURE 30. VARIATION OF LIQUID WATER CONTENT WITH 
TIME IN THE EARLY STAGE OF NUCLEI SEEDING. 
86 
one droplet of class 14. Figure 31 illustrates the behavior 
of the supersaturation for these distributions. Supersatura-
tion of distribution #3 behaves in a similar manner as 
distribution #1 while distribution #4 behaves like distri-
bution #2. 
It appears that effective seeding can be obtained by 
inserting distributions similar to either distribution #2 
or #4. As shown in Figure 29, effective seeding is obtained 
by droplets of class 14, with radii of approximately 9 ~m. 
Below 9 ~m, the droplets have difficulty in growing due to 
the deactivation effect. These results agree, in general, 
with those found by Silverman and Kunkel (1970). It should 
be noted that seeding may be effective if the original 
droplet size spectrum is known and the seeding nuclei are 
chosen accordingly. 
The seeding results for distribution #1 and t3 can be 
used to explain, in general, the broader droplet size dis-
tribution observed in natural clouds. If the polluted atmos-
phere can be represented · by e ·ither distribution and mix-
ing occurs between the cloud parcels and the air pollution 
particulates, one can observe the broadening effect shown 
in Figure 28. 
G. RETARDATION OF NUCLEI GROWTH BY SURFACTANT 
The purpose of the following investigation is to con-
struct a numerical model to account for artificial thermo-
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FIGURE 31. COMPARISON BETWEEN THE DIFFERENT VALUES OF THE 
SUPERSATURATION FOR DIFFERENT SEEDING EXPERIMENTS. 
the growth of condensation nuclei covered with a surfactant 
layer of cetyl-alcohol. 
The following model simulates the early stage of cloud 
formation under contaminated nuclei with cetyl-alcohol. 
The basic equations are similar to those described in 
Section IV. An additional system of equations is introduced 
for the rate of change of the film thickness as the droplets 
continue to grow through the expansion process. 
The two basic assumptions used are: 1. the mass of 
the cetyl-alcohol layer remains constant for each droplet 
of the spectrum, and 2. the initial thickness of the adsorb-
ed film is taken to be 0.98xl0-G em for all the droplets. 
The first assumption is justified if the nuclei are assumed 
to grow in a non-contaminated medium. The second is similar 
to the one used by Warner and Warne (1970) for their fog 




~ = 0.98xl0-G em at t = 0 
where p is the density o f cetyl-alcohol and ~ the film 
c 
thickness . 
According to Derjaguin and Kurghin (1969), the critical 
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film thickness offering protection against condensation and 
evaporation is 0.976xl0-7 em. For the case of water vapor 
condensing on the droplets without impediment, ~<0.976xlo-7 
S~0.036, and cr=73 dyn cm-1 • For droplets retarded by 
em, 
-7 5 
surfactant, ~~0.976xl0 em, S=3.5xl0- in accordance with 
the value found by Derjaguin, et al. (1966), and cr=43 dyn 
The computer program is modified on the basis of the 
preceding discussion. Provisions are made to account for 
-1 em 
the two different values of the condensation coefficient as 
well as the water surface tension in the two regions of the 
growth. These values appear in the expressions 
D 
= s 
as given by the growth equation (3.13), and 
* 2cr r = 
as described in eq. (3.17). 
The program simulates a constant updraft velocity of 
100 em sec-l with initial droplet spectrum as shown in 
Table I. The number of first-order differential equations 
to be integrated is 26. These are the original differential 
equations described in Section IV plus the equations govern-




= -2 ..::.1. ~ 
r. at 
J 
j = (1, 2, ••• , 11) 
~. = 0.98xl0~6 cm at t ~ 0 
J 
The results of computations are presented in Figures 
32, 33, 34 and 35. Figure 32 shows the variation in the 
supersaturation with time. As the expansion process contin-
ues along with the retarded nature of the nuclei, adiabatic 
cooling overcomes the latent heat of condensation, resulting 
in an increase in the supersaturation. The results of 
Figure 6 for uncontaminated droplets show that the super-
saturation reaches a maximum of 0.7607% after 19 seconds 
from the start of the experiment, and then decreases towards 
its original value. The corresponding results for contami-
nated nuclei, presented by this study, indicate that super-
saturation reaches a value of 1.007% and continues to in-
crease to a maximum value of 6.333% after 116 seconds. In 
this way the gaseous medium behaves as a dry adiabatic 
gas. 
The condensational growth of the nuclei is retarded 
markedly due to surfactant, as shown in Figure 33. However, 
as the expansion process continues, the classes of small 
nuclei grow only slightly and show a decrease in the film 
thickness, as illustrated in Figure 34. Class 1 droplets 
are the first to reach the critical film thickness, 
~l = 0.976xlo- 7 em, and then break their films after 116 
seconds of the expansion process. The nuclei grow rapidly 
by water vapor condensation due to the availability of the 
high applied supersaturation, and reach a radius of 
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FIGURE 32. VARIATION OF THE SUPERSATURATION WITH TIME DURING 
THE PROCESS Of VAPOR CONDENSATION UPON NUCLEI 
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FIGURE 34.. VAR IATION OF .THE FILM THICKNESS HITH TIME FOR 
CLASS l 'AND CLASS 2 DROPLETS. 
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10.3424 ~m after 141 seconds. 
As a result of the rapid condensational growth and the 
large amount of the latent heat released by condensation in 
the system, the temperature of the gas undergoes a rapid 
temperature increase. The temperature rises from 282.031 °K 
to 282.331 °K in a period of 23 seconds. This effect reduces 
the supersaturation from its maximum value 6.333% to a value 
of 0.8396%. Figure 35 shows the variation of the liquid 
water content with time. Before class 1 droplets undergo 
the rapid growth, the liquid water content increases insig-
nificantly with time, and then jumps from 0.7626xlo-9 
-3 6 -3 gm ern to 0.2788xl0- gm em 
As a consequence of the sudden decrease in the super-
saturation, a further retardation results in the growth of 
the other classes whose films remain unbroken. This effect 
can clearly be seen in Figure 34 for class 2 droplets whose 
film layers almost remain constant after class 1 droplets 
break their films. 
An additional numerical experiment is performed in 
which the initial film thickness of the droplets is taken 
to be 0.49xlo- 6 ern. The results show that class 1 droplets 
break their layers after 87 seconds, with applied super-
saturation of 4.6631%. The droplet spectrum is quite similar 
to that obtained from the previous case. 
To study the effect of variation of the condensation 
coefficient in breaking the protective films of class 1 
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FIGURE 35. LI QUID WATER CONTENT AS A FU NCTION OF TIME FOR 
RETARDED NUCLEI I 
original film thickness of 0.98xlo- 6 em and two different 
values for the condensation coefficient. For the first 
computation in which a is increased to 3.5xlo-4 , class 1 
droplets break their layers after 38 seconds under an applied 
supersaturation of 2.0240%. A further increase in S to 
3.5xl0-3 corresponds to a time of 15 seconds and an applied 
supersaturation of 0.7883% to allow class 1 droplets to 
break their layers. 
The preceding results indicate that increasing S 
merely tends to reduce the time interval during which droplet 
growth is slowed by the protective film. While the results 
of S=3.5xl0-S show a retarded growth of 116 seconds, those 
for S=3.5xl0-3 almost resemble those of uncontaminated 
droplets. A similar effect can be obtained by reducing the 
initial film thickness. 
As a cloud physics application of the original compu-
tation, a proper treatment of cloud droplets at the cloud 
base with appropriate amounts of cetyl-alcohol (regarding 
the initial film thickness and the condensation coefficient) 
inhibits the growth of large populations of droplets. As 
the parcel rises, the expansion process continues, and the 
supersaturation develops a high enough value to break the 
protective films of the first class of droplets. As a 
result, these droplets, growing larger than any other class 
of the spectrum and settling faster than the others, would 
overtake the. smaller droplets and collide with them. This 
effect increases the collection efficiencies of the droplets 
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and initiates droplet growth by coalescence and warm cloud-
precipitation. This process depends on the initial film 
thickness, condensation coefficient of the water modified 
by the contaminant, collection efficiency, size spectrum 





A series of seven numerical experiments were conducted 
in order to analyze different aspects of the early stage of 
cloud formation and to guide the simulation experiments and 
operations. The computations were performed in all cases 
for the same initial conditions. The purpose was to analyze 
and compare the corresponding results of the different 
experiments. 
The first computation of this series is the simulation 
of the steady updraft velocity. The familiar phenomenon 
of the initial rapid increase of the supersaturation to a 
maximum, followed by a slower decrease towards its initial 
value, is observed for the adiabatic chamber in a similar 
way as predicted by Howell (1949), Mordy (1959), and 
Neiburger and Chien (1960). This effect tends to narrow 
the droplet spectrum and results in a spectral gap between 
activated and deactivated nuclei. 
Due to fluctuations of updraft velocities, high 
frequency fluctuations in the updraft cause significant 
fluctuations in the supersaturation. This might activate 
or deactivate some nuclei, creating a broadening effect on 
the droplet spectrum. In general, fluctuations in the 
updraft velocity are of secondary importance in broadening 
the droplet spectrum in the early stages of cloud formation. 
Results of simulating the temperature fluctuations in 
clouds show a strong dependence of the supersaturation on 
the temperature fluctuations. This in turn causes super-
saturation fluctuations to be considered as an important 
factor in broadening the cloud droplet spectrum. The 
broadening effect depends on the amplitude and the frequency 
of fluctuations, as well as the cooling rate of the cloud 
parcel. 
Effect of heat transfer to the gas, as predicted from 
the simplified model, is considered to be important in any 
simulation experiment. Small heat transfer rates (H <0.25) 
r 
tend to only slightly reduce the maximum supersaturation 
attained for adiabatic conditions (D <0.1718). As heat 
s 
transfer rates increase (Hr~0.25), their effect significantly 
retard the growth of the droplets due to the depletion of 
the supersaturation. 
Droplet sedimentation creates a supersaturation 
gradient in the chamber and convection currents due to 
buoyancy. It is an important factor in limiting the expan-
sion rate of the chamber for simulating experiments 
involving long times of operation. For simulating high up-
draft velocities, droplet falling becomes a critical factor 
in limiting the time required to record reliable observa-
tions. 
From the seeding experiments, one can conclude that 
effective seeding can be achieved if the original droplet 
size spectrum is known and the seeding nuclei are chosen 
accordingly. Seeding effects might also explain the broader 
droplet size distribution observed in natural clouds. If 
100 
the polluted atmosphere can be represented by nuclei of 
either distribution #1 or distribution #3 and that mixing 
occurs between cloud parcels and air pollution particulates, 
one can observe a broadening effect. 
The last computation of this series is the retardation 
of nuclei growth by surfactants. Results show that contami-
nation of the droplets by surfactant films slow their growth 
by condensation. The retardation critically depends upon 
the initial film thickness and the condensation coefficient 
of the water, modified by the contaminant, as well as the 
size spectrum distribution of the nuclei and the cooling 




An effort should be made to provide experimental data 
upon the operation of the cloud simulation chamber in order 
to compare the predicted results with observed data. Before 
any simulation experiment it is recommended that an accurate 
estimate of the possible heat flow to the system be made. 
This will serve as an important factor in accounting for 
the error between adiabatic and non-adiabatic conditions. 
The computer program should be modified to account for 
simultaneous effects that are considered separately in this 
work. The number of first-order differential equations 
will correspondingly increase. In addition, the choice of 
the time step should be carefully considered to assure 
stability in the computations. 
The sedimentation effects should be analyzed in more 
detail to include the entire length of the cloud simulation 
chamber. A provision should be made to include the effects 
of convective currents due to buoyancy along with the heat 
transfer from the walls and the heat liberated by the phase 
transition. 
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DERIVATION OF AN EXPRESSION FOR THE 
RATE OF CHANGE OF SUPERSATURATION 
The derivation applies to droplets growing by conden-
sation in a homogeneous volume of moist air being cooled by 
expansion in a cloud simulation chamber. The supersatura-







dS 1 dp p dpsat 
at = at -~ dt Psat Psat 
(3. 21) 
EVALUATION OF dp at 
The water vapor density, p, is specified in terms of 
two independent variables, the total volume, V, of the 




p = p (VI W) 
dp ap dv + ap> dW 
at = w>w o:t aw v dt 
(A.l) 
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Substituting these derivatives in (A.2) gives 
dp 1 dT 
dt = -p(T at 
dp 
EVALUATION OF sat dt 
dW 
dt 
By assuming the validity of the ideal gas law 
Psat 
















Tat (A. 6) 
Using the Clausius-Clapeyron equation, the first term 
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(A. 7) 
(A. 8) 
substituting eqs. (A.4) and (A.8) in eq. (3.21) gives 
dS 



















which expresses the rate of change of the supersaturation 
· . . dp dW dT 
in terms of the known derivatives dtm' dt and at• 
APPENDIX B 
DESCRIPTION OF THE COMPUTER PROGRAM 
1. DESCRIPTION OF THE MAIN PROGRAM 
The main program first reads the input data and con-
stants. These include initial pressure p , temperature 
mo . 
T , supersaturation S and complete specification of the 
0 0 
size spectrum distribution of the nuclei. The values of 
the accommodation coefficient a and the condensation 
coefficient S are chosen to be 1 and 0.036 respectively, 
similar to those used by Levin and Sedunov (1968) and 
others. 
The first step is to compute the initial distribution 
112 
of the droplets at the cloud base (t=O) . Nuclei of mass 
<3.3 x lo-15 gm are assumed to be in equilibrium at 100% RH 






(j=l,2, ... 5) 
3i Mw 
= fi M m · n OJ 
(B .1) 
(B. 2) 
Larger nuclei are assumed to be in equilibrium at inter-
mediate RH with the largest nuclei at 99%. In this case 
the cubic equation 









{j=6, 7, ••• , 11) {B. 3) 
which is known as the Kohler equation, is solved for the 
equilibrium radius. This represents the positive root of 
the above equation in the range of relative humidity 
between 99% and 100%. 
After computing the initial radii of the droplet 
spectrum, the initial liquid water content is calculated 
from eq. (4.3). This computes the total liquid content 
as 
WT = G + W {B.4) vo 0 
which remains constant for a closed parcel. The mass of 
air in the parcel is Ga and evaluated from eq. {4.2). 
At this point the time interval is set to 1 second 
to record the output, and an integration SUBROUTINE AINT is 
called. The set of initial conditions and input constants 
are the data and common constants for the subroutine AINT. 
This integrates the system of eq. (4.5) to (4.19), and 
returns the output to the main program. The output is also 
an input for the next time interval and the computations 
continue in the same manner until the termination of the 
total time of the simulation experiment. 
2. DESCRIPTION OF THE SUBROUTINE AINT 
The SUBROUTINE AINT utilizes the data given from the 
previous time step. It provides the input data necessary 
113 
for the integration processes, given as 
1. Lower and upper bound of the integration interval, 
initial time step and an upper bound of the local 
truncation error. 
2. Initial values of the dependent variables and 
weights for the local truncation errors in each 
component of the dependent variables. 
3. The number of differential equations in the system. 
It then calls a double precision Hamming's modified 
predictor-corrector scheme (SUBROUTINE DHPCG), which also 
calls an EXTERNAL subroutine (SUBROUTINE EQTS) to evaluate 
the values of each derivative of the system of equations 
( 4 • 5 ) to ( 4 • 19 ) • 
The intermediate values required for computing the 
derivatives in the SUBROUTINE EQTS are 
where W is given by eq. ( 4. 4) 
(B. 5) 
in which r. is the computed 
J 
radius of each class of the spectrum. 
The control of. accuracy and adjustment of the time 
step can be done through SUBROUTINE DHPCG by computing 
the local truncation error. If its absolute value is 
greater than a given tolerance s, the increment gets 
halved. For error less than s/50, the increment gets 
doubled, however, care is taken in the procedure so that 
114 
the increment ~t never gets larger than the time interval 
specified as an input. 
3. ADJUSTMENT OF THE FINAL RADII AND LIQUID WATER CONTENT 
At the end of each time interval the computed radii 
are adjusted according to their respective equilibrium 
Kohler curver and the applied supersaturation s. This 
process requires a comparison between the applied super-
saturation S with the critical supersaturation SC, and the 
computed radius with the equilibrium radii as follows: 
a. For S>SC, the final radius is the same as the computed 
radius. 
b. For S<SC, two possible radii RS(l) and RS(2) exist and 
these are the two positive roots of the cubic equation 
s - r* + r. 
J 
A. 
~ = 0 (j=l, 2, ••. , 11) (B.7) 
r. 
J 
The radius RS(l) represents an unstable point on the Kohler 
curve. Droplets in the vicinity of this point will usually 
grow and move to the right in the free growth region, or 
evaporate, i.e., move to the left and stabilize by 
approaching the equilibrium radius RS(2). Figures B.l and 
B.2 show the sequence of equilibrium adjustment of the final 
radii according to the applied and critical supersaturation 
for each class. It should be noted that this adjustment 
procedure is applicable to nuclei masses <3.3 x l0-15 gm, 















FIGURE B.l. FLOW CHART FOR EQUILIBRIUM ADJUSTMENT OF DROPLET 
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FIGURE B.2. ILLUSTRATION OF EQUILIBRIUr1 ADJUSTMENT OF 
DROPLET RADII ON KOHLER CURVE. 
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the growth equations (4.5-15) without adjustment. 
Finally, the liquid water content can be computed 
based on the adjusted radii of the spectrum as 
w = (4/3)7rp~ 
11 
L: (R. 3 
j=l J 
3 
r . ) OJ 
where R. is the adjusted radius of class j. 
J 
4. SPECIFICATION OF THE UPDRAFT VELOCITIES 
(B. 8) 
The updraft appears as an explicit term in eqs. 
(4.17) and (4.18) for the rate of change of temperature 
and pressure, respectively. The updraft is specified as an 
input parameter to simulate the expansion rate of a rising 
parcel of air or a cloud simulation chamber, according to 
the type of cloud under investigation. 
5. CORRECTIONS OF THE CONSTANTS 
Due to the variation of temperature and pressure 
during the simulation experiment, the following constants 
are corrected as follows (see Paluch, 1971) : 
6 D = (0.226 + 0.0015T*)xl.Ol3xl0 /pro 2 -1 em sec 
118 
K = (5.8 + 0.017T*)xl0-S 
L = 597.4 - 0.56T* 
cm-1 (°K)-1 sec-l 
Cal gm-l 
a= 75.7 - 0.148T* dyn cm-l 
where T* = T-273.16 > 0. 
6. ACCESSIBILITY OF THE COMPUTER PROGRAM 
The computer program may be obtained from the Graduate 
Center for Cloud Physics Research, University of Missouri-
Rolla, Rolla, Missouri 65401. Correspondence should be 
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ABSTRACT . 
The theory of the growth (or evaporation) of a stationary drop has heen cast into a form which reveals 
explicitly the role of hoth condensation and thermal accommodation coefficients. The equations for growth 
are integrated under constant ambient conditions . An application to clourl physics is discussed. 
1. Introduction 
The condensation growth of cloud droplets in the 
vicinity of activation has received considerable a.tten-
tion in the literature. The purpose of this contribution 
is two-fold: 1) to cast the conventional theory in an 
easily assimilable form, readily identifiable with various 
other forms existing in the literature (Rooth, 1957; 
Fukuta and Walter, 1970; Fitzgerald, 1970); and 2) 
to exhibit a certain integration of the growth equation. 
The integration follows Squires (1952), except here we 
take into account, and exhibit explicitly, the role of the 
condensation and thermal accommodation coefficients 
(hereinafter referred to as "surface effects" or more 
accuratelv "surface kinetic effects") in retarding 
growth. Such a solution provides several of the ad-
vantages mentioned by Squires and, in addition, can 
provide an alternative to the usual numerical procedure. 
2. Conventional growth equations and their 
interpretation 
The basic physical situation envisaged in describing 
droplet growth is given by Mason (1971). Very briefly, 
the theot"y is based on a quasi-steady-state balance of 
vapor diffusion and heat conduct ion; that is, the 
diffusive mass influx, which causes growth, deposits 
latent heat of condensation which is compensated hy 
heat conduct ion out ward. 
In the elementary treatment of growl h (Mason, 
1971), surface kinetic effects arc ncglt-cted, and results 
arc obtained by assuming that equilibrium hdwcen 
vapor and temperature holds at the droplet surface. 
The growth equation derived from this theory may he 
1 Also Physics Department. 
• Alto Department of Me<:hanical Enginl-ering. 
written as 
da s-s .• ,~(oo) 
a-=------, (1) 
dt 1 bL Pt 
-+-
D K 
where D is the vapor diffusion coefficient, 1\. the 
thermal conductivity of the gas, L the latent heat of 
condensation, b the slope of the vapor-density equi-
librium curve (change in vapor/ change in temperature) 
in the presumably small temperature range of interest, 
a the drop radius, t time, S the bulk (or applied) 
supersaturation ratio (near unity), Pt the liquid 
density, p,."(oo) the equilibrium vapor density at 
intinity, and Ssnt the supersaturation ratio describing 
equilibrium conditions peculiar to the droplet . s ... t, 
which is unit\· over a flat surface of pure liquid, refers 
to equilibriu~1 conditions appropriate to the droplet 
and is often identified with the Kohler curve (see, for 
example, Byers, 1965). The factor b is often evaluated 
from the ( 'lausius-Clape) ron equation keeping terms 
linear in the temperature (the larger S is, the poorer 
this linearization). Moreover, in identifying b with a 
pure Hat surface, we have tacitly assumed s ... t dose to 
unil\·. 
I~ the hypothl'lical case of a non-volatile drop 
(/. =0), this l'quation rcdun·s to one of mass dit1usion 
alone; this sug~l·sts that it may he convenil·nt, without 
hcin~ misleading, to introduce an dTcctivc vapor 
dit1usion codlicil·nt, or rat her "resistivity," 
1 1 bTJ 
- ·- -= - -+- -. (2) 
/),.rr /) f\ 
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\\'hen surface effects are taken into account, the 
growth equation for a stationary drop may be written 
in two forms: 
a+s d(a+s) 1 da AQ( oo) 
---=-a-= (S-Saat)--. (3) 
Deer dt D:rr dt pz 
The introduction of the "compensated" coefficients, 
1 bL 1 
--=-+-, 
D:u K* D* 
(see, for example, Carstens, 1972) or s (Rooth, 1957), 
are, under normal atmospheric conditions, equivalent 
ways of accounting for the extent to which surface 
effects control the growth (or evaporation) process. 
Clearly, V:n=D[1+(s/a)]-t. The evaluation of s is 
usually carried out by matching Fourier and Fick's 
law fluxes of heat and vapor with their corresponding 
molecular fluxes as computed from uniform gas kinetics. 
Smirnov (1971) has referred to this as the "diffusion 
kinetic" approach. It has been used, for example, by 
Carstens and Kassner (1968) and has received perhaps 
its most detailed elaboration by Fukuta and Walter 
(1970). The relationship of s to both condensation and 
thermal accommodation coefficients is presented in the 
Appendix. 
It is an accepted fact (Rooth, 195/) that s slows 
growth compared to what it would be if interfacial 
equilibrium between liquid and vapor were to be 
assumed as in (1), or in (3) with a>>s; it is evident 
from (2) that, at a given radius, the radial growth rate 
is retarded by a factor [1 + (s/ a) jt. For example, for 
a 5-JJm drop at 5C with Alty and Mackay's (1935) 
values of 0.036 and 1.0 for stiCking and thermal ac-
commodation coefficients, s is about 2 I-'m, leading to a 
value [1 + (s/ a) ]-t ::::::0.7. On the other hand, s is about 
1 I-'m at 30C due to the dependence of s on b, namely 
the preferential "thermal weighting" of s at higher 
temperatures (sec Appendix) . }{ooth also pointed out 
the possible role of s in hroadcnin~ the cloud droplet 
spectrum in the early stages of cloud development; and 
\\'arner (1909) reported, in his cumulus cloud study, 
that it would be diflicult to account for the continued 
presence of small droplets in cloud if the sticking 
coefficient exceeded 0.05. Fit;,.g<.·rald ( 1970) found satis-
factory agreement with his measured size (continental) 
distribution and the above growth law [which he 
e.xtcnd(:d, by includin~ Fuch's (l(JStJ) jump distann· 
to rather higher Knudsen numlH:rs than art· hac con-
templated] using Ally and Mackay's ( ltJ3S) valut.·s. 
Evidently, no one has published an invt"stigation of till' 
possible cfTt.•(·ts on drop size distributions due to a 
distribution of valut·s of s (assol'iall'd with tiw rht·mical 
heterogeneity of the cloud -producing at·rosol); 1wrhaps 
this is due to a lack of knowkdgc, t•vt·n an inability to 
guess, as to what vahtt•s of s mi~hl compose stKh a 
spectrwn. 
It should finally be mentioned that, while (1) is a 
good approximation when a>>s, the value s =0 implies 
either that the sticking or thermal accommodation 
coefficients (or both) must take on the absurd values of 
infinity. 
3. Integration under constant ambient conditions 
The solution of (3) reduces to a single integral if the 
effective supersaturation, S -Saat, is explicitly time 
independent: 
pz fa<t> (a+s)da 
t(a)=----
Pe<t(oo)Derr ao S-Saat 
Pl [fa(t) ada fa(t) da J 
--+s ---. 
peq(oo)Decr ao S-S,ttt ao S-S.at 
If S.ont can be expressed as a series in 1/ a, say 
k 
Ssat= L E;/ ai, 
i-l 
(4) 
then the integrated solution may be e~pressed as 
(pz = 1) 
k+l 
1 1r a; 
lu(a)= L --
Decrpeq( oo) i-t Gk(a,) 
s k a; 
/,(a)= L --
DerrPr"( oo) i-t Gk(a,) 
where 
[ 
a -a; 1c (a / a;)i- (a0/a,)1. 
X ln--+2:: , 
a0 -a, i-t j 
I= /0(a)+t,(a), 
G~c(a) =ak(S-S ... t), ao=a(O), 




and t is the total growth time from ao to a, and the a; 
arc roots of .'"1"-S,..,t=O. 
A common!,. used form for .'-i""t is the :Kohkr exprl's-
sion alluded l~> t.•arlicr, i.e., 
,.. ... 
s ... t= t+- --, 
a a 3 
(~) 
wll<.'rc ,.• is the "curvature" term and A the solubility 
term. Limits on the validity of the latter may be 
anah·zcd bY consulting Low (19t.9). For this case, k=3 
in (S) and- (6). The role of the roots at and aa can be 
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FJG. 1. S~hematic plot of_ the Kohler curve for a certain mass of dissolved salt showing an 
apphed supersaturatiOn S<Sc and the corresponding equilibrium radii a 1 and a 1• 
understood by refcrrin~ to Fig. 1; aa is negative and is 
given no direct physical significance. 
For 1 <S<Se (.~·c the critical supersaturation), a 1 
and a2 are real and represent, respectively, the unstable 
and stable equilibrium radii associated with the applied 
supersaturation S, and the Kohler curve. If S> Sc, 
these roots are complex conjugates; the solution is, of 
course, still valid. If .S=.Sc, however, the solutions 
shown break down inasmuch as distinct roots were 
presupposed in their derivation. A solution for this 
degenerate case can be derived. The above formalism 
handles evaporation as well as growth. 
The timet. represents that part of the time explicitly 
associated with s, that is, with surface effects, while 10 
represents that associated with the assumption of 
vapor equilibrium at the droplet surface. The two terms, 
of course, differ to the e:-.:tent sand a ditTer. This differ-
ence can be magnified in the case where S -Sc is small 
and positive, i.e., is when the droplet is just activated. 
For example, a salt nucleus 1-:aving a critical super-
saturation of 0.37% , under an applied supersaturation 
of say OAl,!;1 (.~OOK), results in a time lu to reach 11-'m of 
about 1 sec; with a thermal accommodation cocflicient 
of unity, the corresponding times for sticking coelrcicnt 
of 0.05 (s= 1 J.tlll) is ahout 5 sec, and for sticking 
cot.'flicicnt of 0.02 (s=2.1J.tlll) ahout 10 sec. 
4. Approximate solutions, inactive droplets 
\Vhen growth is inhibited, i.e., a<a2, .\"<.~·c, St.'dunov 
(11J72) has shown that the solution should ht~comc a 
simple exponential in the vicinity of a2. Scdunov did 
this simply by holding all factors in (4) constant 
except (a-a2) and inte~rating. (He did not, however, 
restrict himself to Raoult's law.) The same result may 
be obtained from (S) and (6) by supposing that the 
droplet radius is sufficiently close to its stable equi-
libri~m value a2 to render. the term In[(a-a2)/ (a 0-a2)] 
dommant. The exponential solution so obtained is 
where 
a(t) =ao- (ao-a2) exp( -1/r), (9) 
T =a22(az+s) { DcrrPNl ( oo )[2r* -3a2 (S -1) ]}-1• 
As expected, even in this approximation the ratio of 
the time ro(s=O) to the total r is (1+s/a2)-1• The 
act~al value of r is given, at least formally, by substi-
tutiOn of ao+0.632(a2-ao) into (S) and (6). 
5. An application 
The solution (7) can provide an alternative to the 
usual~ numerical procedure (Fitzgerald, 1970; Brown 
and Arnason, 1973) in the sense that supersaturation, 
and other bulk quantities, can be stepped without 
steppin~ the radius. (Proper attention, of course, must 
he given to vapor depletion and heat addition .) The 
inversion t(a)---. a(t), when needed, is attended bY no 
special numl·rical ditliculties. In the re~ion ncar ~qui­
lihrium, where a lar~c change in time implies a small 
change in radius, approximate inversions arc helpful. 
Fa:r from equilibrium, good initial guesses at the tinal 
radius may be obtained by letting growth proceed at 
some reasonably chosen constant cfTective super-
saturation. Thereafter, some numerical procedure must 
be used. \\'e have thus far achieved satisfacton· results 
using simple stcppin~ techniques. It seems rc~sonable 
to suppose fancier techniques, e.g. iterative ones, 
would be faster. 
It should be mentioned that the ctlicicnn· of this 
technique depends in part upon the rapidity will' 
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which the roots of S-S-t can be found. Up to k = 4, 
analytic methods can be used (Burington, 1933). 
6. Conclusion 
The equation for droplet growth has been cast into 
a form which identifies explicitly the role of surface 
kinetics. It has been integrated under conventional 
cloud conditions, holding bulk quantities constant. Its 
possible application in numerical modeling of the 
diffusive process has been pointed out. 
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APPENDIX 
Kinetic Parameters 
For an evaluation of s we refer to two "lengths," 
la and lB, corresponding to the thermal accommodation 
coefficient a and the condensation, or sticking, coeffi-
cient ~ (Fukuta and Walter, 1970). These lengths are 
(Kennard, 1938; Fukuta and Walter, 1970) 
[
"Y -1][1-a/2J[KJ I _ la= 8 -- --- - ngflg, 
-y+1 a R 
(A1) 
1-~/2 
ltJ= --· -(4D/ ii), (A2) 
~ 
where -y is the ratio of specifiC heats, ii 11 the average 
molecular speed of the carrier gas, ii that of the vapor, 
and n 11 the molar concentration of the carrier gas. 
The appearance of ~/ (1-{3/2) and a/ (1-a/2) in place 
of /3 and a constitutes a generally minor correction 
because both a and {3 are most important when they 
are small compared with unity. The correction arises 
because, in the case of vapor diffusion, the molar 
flux term nii/ 4 should be "biased" by a f~ctor -DVn/ 2 
so as to account for the diffusion process itself; Kennard 
(1938) makes this argument with regard to heat 
conduction. The lengths is simply a weighted average 
of la and l/J, i.e., 
(A3) 
That the surface dTects enter the growth law via one 
parameter, namely s, and not two (a and ~) is clear 
from (A3). 
At this point, it can be noted that the dependence 
of son {:J is nut entirely straightforward. Mazin (1968), 
for example, sets s = t, on the basis of the fact that {J<<a. Apparently, Warner (1969) follows Rooth (1957) 
in putting sc::lB. First, regarding Mazin's inequality, 
the inequality la<lB implied by it is not as strong. 
Second, no matter how strong either inequality is, they 
can only be used to justify neglecting the first (thermal) 
term in the numerator of (A3) and not the thermal 
contribution to Deu in the denominator of (A3). 
Indeed, especially at higher temperatures, the length 
s is heavily weighted toward la. Even with a= 1, s 
can be considerably less than ltJ. Of course, the smaller 
s is, the less significant is the correction it represents 
in cloud physics applications. For example, taking 
a= 1 and ~=0.036, for air and water vapor, the follow-
ing values of s, la and l/J (in microns) result at the 
temperatures indicated: 5C, la=0.2, ltJ=4 .3, s=2.2; 
ll;C, la=0.2, ltJ=4.4, s=l.9; 17C, la=0.21, ltJ=4 .6, 
s = 1.6; 27C, la =0.22, lB = 4.8, s = 1.22. 
Finally, it should be added that Fuchs' jump dis-
tances can be approximately incorporated into the above 
scheme by replacing s by s-£\ where £\is the weighted 
average of £\D and £\r (see Fitzgerald, 1970). This 
approximation is valid and represents a small correction 
so long as the Knudsen number is rather less than unity. 
Shankar (1970) has suggested setting£\ =0. 
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